Let 5 and T denote complete separable metric spaces. Let P(S) denote the collection of probability measures on S and equip P(S) with the weak topology. 
Introduction. Let 5 be a complete separable metric space and let C(S) denote the algebra of bounded continuous real-valued functions on S. Let M(5) denote the collection of Borel measures on S which have finite total variation ||μ ||. Given /E C(S) and μ E M(s), set μ (/) = I f(s)dμ (s). The weak topology on M(S) is the topology on

M(S) induced by C(S). Thus, a neighborhood system at μ in M(S) is given by sets of the form
Ne(μ',fu •••,/") = {!>£ M(S): I(μ -v)l I < * for / = 1, , n)
where e > 0 and /" ••-,/"£ C(S).
Let M + (S) denote the non-negative measures and let P(S) denote the probability measures in M(S).
Our goal is to establish open mapping theorems for some naturally induced mappings between sets of probability measures. Let φ be a continuous map of 5 onto T where S and T are complete separable metric spaces.
Define φ°: M(S)->M(T) by φ°μ(g)= μ(g°φ)for each g E C{T).
A result of P. A. Meyer [9, p. 126] 
shows that φ° maps P(S) onto P(T). We show that φ° is open in the weak topology if and only if φ is open.
Let K be a totally disconnected compact metric space and let S κ 89
LARRY Q. EIFLER denote the collection of continuous maps of K into S. Given f, g E S κ , set D(f,g) = max{d(f(x),g(x)):xEK}
where d is the metric on S. Then S κ is a complete separable metric space with respect to D. Given / E C(S) and x E K, we may define a mapping f x : S* -> R by /x(g) = /(g(*)) for each gES κ . Now define a mapping TΓ: * by
One easily checks that x -»(πμ)* is continuous in the weak topology and so one may consider the family (πμ) x as a continuous family of marginals associated with μ. Blumenthal and Corson [1] have shown that π maps P(S K ) onto P(S) K . We show that π is open in the weak topology.
The mapping φ°: P(S)-^P(T).
Other than the interior mapping principle for F-spaces [6, p. 55 
is not open on Ω x Ω. Let Ω be the convex hull of (0, 1, 0, 0) and (0, -1, 0, 0) and (x, 0, 1, x 2 ) and (x, 0, -1, x 2 ) for 0 ^ x ^ 1. The extreme points of Ω are the two points and two arcs described above. But, the midpoint mapping is not open since (0, 1, 0, 0) Let S be a complete separable metric space. We recall here some topological properties of P(S) and M + (S). Every measure μ in P(S) is tight [8, p. 32 ], i.e., given e > 0, there is a compact subset F of S such that μ(S\F)<e.
The weak topology on M + (5) is topologically complete. Thus, we may consider M + (5) and P(S) as complete separable metric spaces. By embedding S is a countable product of unit intervals and using the fact that the unit ball in space of uniformly continuous functions on a totally bounded metric space is separable, we have the following result [8, p. 47 We now show that convex averaging is open on M + (S). But, first we establish a result on selecting weakly convergent measures. We write μ n ->μ if (μ n )n=i converges to μ in the weak topology.
Proof. Given 6 > 0, there exists g continuous on 5 such that 0 ^ g ^ 1 and p(gμ, v) < e. Hence, we may choose f n continuous on S such that 0^f n ^ 1 and f n μ -> v. But f n μ k -^f n μ as fc -»oo. So there exist n! ^ n 2 ^ * such that n k -> oo and i/ f c = / rtk μ fc -> K THEOREM 2.4 . Lei S be a complete separable metric space. Let
(S) and is open on P(S)xP(S).
Proof Fix μ, v E M + (5) and set ω = Λμ + (1 -λ)v. Assume ω n -> ω where ω n E M + (S). Since Λμ ^ ω, there exist μ n E M + (S) such that μ n -> λμ and 0 ^ μ n ^ ω n . Hence,
Thus, the mapping (μ, ι^)
S). One readily obtains that convex averaging is an open map of P(S)xP(S) onto P(S).
Let S and T be complete separable metric spaces and let φ: S -• T be continuous and onto. Then φ induces a mapping φ°: M(S)-+ M(T) defined by φ°μ(g)= μ(g °φ) for each g G C(T).
As noted in §1, φ°m aps P(S) onto P(T). We examine the openness of φ° on P(S) with respect to the weak topology and the norm topology. THEOREM 
Let S and T be complete separable metric spaces and let φ: S -> Γ be continuous and onto. Then φ is open if and only if φ°: P(S)->P(T) is open with respect to the weak topology. Proof Assume φ°: P(S)-> P(T)
is Since % = {μ G P(S): \(μ -δ so )/|<e} is a weak neighborhood of δ Λ) , there exist N and μ n E °U such that <pVn = δ fπ for n^N.
But μ π (/) = 0 since φ~!(ί n ) supports μ n and so μ n $L°lί, a contradiction.
Assume φ: S-^ T is open. Fix μ E. P(S). Let 6>0 and let
, n). We must show that φ°T is a neighborhood of φ°μ in P(Γ). Choose μ o ,μi, ,μ m 6P (5) (1) φ° is open at the extreme points of P(S) and (2) convex averaging is open on P(T). There should be a general theorem on the openness of affine maps between convex subsets equipped with a metric which would yield Theorem 2.5. 
The mapping ΊT : P(S
Let 5 be a complete separable metric space and let Kbea totally disconnected compact metric space. Let S κ denote the collection of continuous maps of K into S. We equip S κ with the metric D(/, g) = max{d(/(x), g(x)): x E K) where d is the metric on S. Thus S κ is a complete separable metric space. The space P(S) can be equipped with a metric which is equivalent to the weak topology and with respect to which P(S) is complete and separable. Thus, the space P(S) K denotes the continuous maps of K into P(S) and P (S) K is equipped with the topology of uniform convergence in the weak topology. There is a natural mapping of P(S K ) into P(S) K 
. Let μ G P(S K ) and x G K. If U is a Borel subset of S, then μ x (U) = μ({g G S
κ : g(x)E 17}) defines a probability measure μ x on S. One recognizes the family (μ x ) x( = κ as a family of marginals associated with μ. The measure μ x may alternately be defined as follows. Given fEC (S) and xGK, define f x : S K^> R by /*(g) = /(g(jc)). If μ G P(S*) and x G K, then μ x (/) = μ(/ x ). This latter equation shows that the mapping x -» μ x is continuous in the weak topology. We set πμ(x) = μ x . Blumenthal [0, 1] 
such that the metric p on P(S) defined by p{μ,v) = Σ2" |(μ -v)g n I is equivalent to the weak topology on P(S). If /G C + (S) and if μ G P(S), then we define a nonnegative measure / μ on S by (/* μ)g = μifg) for each g G C{S). For each
, choose a partition of unity /?, •• ,/S p for S such that each of gu"',g P has oscillation less than 1/p on the support of f\ for ί = l, •• ,n p . Pick 
We are now prepared to show that the "marginal" mapping π of
K is an open map. In [5] , this result was proved for the case S is compact and K is a two point space. THEOREM [0,o) ). Set % = {v E P(5 fc ): |(i/ -μ)G 7 1 < 1 for / = 1, , m}. We need to show that rήl is a neighborhood of πμ. There exist μ o ,μi, ,μneP(S*), λo,λ 1 , ,λ Π >O, δ>0 and / 1? -,/" E S* such that μ=Σλ t μ, and (1) By the result of Blumenthal and Corson [1] , we can choose
Then v is a probability measure on S κ and satisfies πi^ = Ψ. Now choose ω E P(S K ) such that πω = (Φ-AΨ)/Λ. Then ττ[λv + (1 -A)ω] = Φ. Finally, we check that λv + (1 -λ)ω belongs to %, If 1^/^m, then Thus, 77^%, is a neighborhood of πμ r
Marginals for P(ΠX λ ).
Let X λ be a compact Hausdorff space for each λ E Λ and let ττ λ denote the projection of ΠX λ onto X λ . If μ is a probability measure on ΠX λ , then the family of probability measures (μ λ )λeΛ, defined by μ λ (E) = μ{π~k\E)) for each Borel subset E of X λ , is the family of marginals associated with μ. We next give an open mapping result for the mapping μ-*(μ λ ) λξΞ Proof Let a G F(ΠX λ ) and let (α λ ) λ eΛ be the family of marginals associated with a. Fix (β λ ) λ eΛ in ΠF(X λ ). Choose x λ G X λ for each A G Λ. Given a finite subset F = {λ u , λ n } of Λ, let a F denote the probability measure obtained from a by the natural projection of ΠX λ onto ΠΓ=iX λi . The associated marginals of a F are α λl , , α λπ . By applying a result in [5, Thm. 2.2] , there exists a probability measure β F on ΠX λi with associated marginals β λl , , β λn satisfying || a F -/3 F || = Σ||α Λi -β λι ||. Let δ F denote the point mass measure at (X X ) XE A\F in ΠλeΛVpXλ Then δ F x a F and δ F x β F are probability measures on ΠX λ . The net δ F x a F converges to a in the weak* topology. Let β be a weak* limit point of the net δ F xβ F in P(ΠX λ ). Then, β has associated marginals (β λ ) λGΛ . Also, || a -β \\ ^ sup F || a F -β F \\ Σ ||α λ -β λ ||.
